We compute charm and bottom quark masses in the quenched approximation and in the continuum limit of lattice QCD. We make use of a step scaling method, previously introduced to deal with two scale problems, that allows to take the continuum limit of the lattice data. We determine the RGI quark masses and make the connection to the M S scheme. 
Introduction
Quark masses are fundamental parameters of the QCD Lagrangian. Their accurate knowledge is required in order to give quantitative predictions of fundamental processes. A direct experimental measurement of quark masses is not possible because of confinement, and their determination can only be inferred from a theoretical understanding of the hadron phenomenology. The calculations can be numerically performed through different strategies, depending upon the quark flavor and the available computational facilities. Accurate non-perturbative measurements of the u, d, s and c quark masses have been obtained from a straightforward comparison of hadron spectroscopy and lattice QCD predictions (see [1] for a recent review).
The situation is different for the b quark, with present computers capabilities. In principle, the b quark mass could be extracted, similarly to lighter flavors, by looking at the heavy-light and heavy-heavy meson spectrum. However, heavy-light mesons are characterized by the presence of two different scales, i.e. Λ QCD , that sets the wavelengths of the light quark, and the heavy b-quark mass. Managing these two scales in a naive way would require a very large lattice. Indeed, this should contain enough points to properly resolve the propagation of the heavy quark and to make the light quark insensitive to finite volumes effects. A typical size would be O(100 4 ) points, hardly affordable in terms of current memory and CPU time. The heavy-heavy mesons case is simpler, being characterized by a single scale. However, the heaviness of the bound state makes the exponential decay of the meson correlation functions too fast and the ground state effective mass, at large time separations, cannot be disentangled from the numerical noise (at least on single precision architectures).
The task of determining the b-quark mass has been faced in literature by resorting to some approximations of the full theory, e.g. HQET on the lattice [2] , lattice NRQCD [3] , or QCD sum rules [4, 5] . A novel approach recently introduced, based on the non-perturbative renormalization of the static theory and its matching to QCD, has lead to a very precise determination of the bmass in the static approximation [6, 7] .
An alternative approach to the bottom quark physics, based on finite size scaling, has been proposed in a previous paper [8] , where it has been applied to the heavy-light meson decay constants. The main advantages of this step scaling method (SSM) are that the entire computation is performed with the relativistic QCD Lagrangian and that the continuum limit can be taken, avoiding the unfeasible direct calculation. In order to implement the SSM, a finite size scheme is required, and we adopt the Schrödinger Functional (SF) as the most useful framework. This paper is devoted to apply the SSM to the study of the heavy meson spectrum in order to obtain from it the first determination of the b-mass in the continuum limit of lattice regularization and quenched approximation.
The paper is organized as follows: section 2 introduces the main ideas underlying the SSM; in section 3 details are given on its specific implementation through the SF. In section 4 we discuss the predictions of HQET on the heavy-light step scaling functions. Section 5 includes the analysis and numerical results for each step. Section 6 contains the results on a physical volume and in the continuum limit. The conclusions are drawn in section 7.
The step scaling method
The SSM has been designed in order to deal with two scale problems in lattice QCD [8] , and it has been shown to work successfully in a first estimate of the B-meson decay constant at finite lattice spacing. A detailed explanation of the method can also be found in [9] , where the calculation of the B-meson decay constant has been performed in the continuum limit. Here the SSM is reviewed to set the notation and explain why it can be used also in the case of the b-quark mass.
On very general grounds, the method can be conveniently used in order to compute physical observables O(E ℓ , E h ) depending upon two largely separated energy scales E ℓ and E h (E ℓ ≪ E h ), where direct simulation, without introducing big lattice artifacts, would require a very demanding computational effort. The main assumption of the method is that the finite size effects affecting O have a mild dependence upon variations of the high energy scale and are controllable from a numerical point of view. Finite size effects can be obtained from the ratio, σ O , of the observable O computed on two different finite volumes, e.g. L and 2L,
The step scaling function σ O should simplify in the region where E h ≫ E ℓ . In principle, a total decoupling of E h would determine an absolute insensitivity to variations of this scale
In practice, E h never completely decouples, but the mild residual dependence can be suitably parametrized. A typical situation is when the residual dependence upon E h is linear in 1/E h [8] . In the case of a flavored meson where E h is the heavy quark mass, this amounts to state that a heavy quark effective theory expansion is valid on finite volumes. Hence, eq. (2) has to be corrected as
The number of terms that have to be taken into account in the numerical calculations depend upon the particular observable (see sec. 5.2). The ansatz (3), for the particular case of the heavy-light meson masses it is supported by HQET, it has been numerically checked and allows to extrapolate the knowledge of the step scaling function to regions of phenomenological interest where direct simulations are too expensive. The computation of the observable O proceeds according to the following lines.
First, O is computed on a small finite volume L 0 , where the high energy scale E h can match its phenomenological value with the lattice cutoff much larger than E h . This computation is clearly unphysical, because the finiteness of the volume produces a distortion of the result, that cannot be compared with the experimental value.
Second, the step scaling function is used in order to evolve this finite size measurement to a larger volume, according to
In the large volumes the step scaling functions are evaluated at the high energy scale E h by extrapolation, relying on the parametrization of eq. (3).
Each step of the calculation can be extrapolated to the continuum limit. In order to match subsequent steps, a non-perturbative knowledge of the lattice spacing a(g 0 ) as function of the bare coupling is required [10, 11] ; the range of validity of the non-perturbative parametrization of a(g 0 ) has been extended to very small couplings by a renormalization group analysis in [12] . Throughout the paper we use r 0 = 0.5 fm.
The above strategy has been straightforwardly applied in this work to the case of the heavy-light meson masses, where the observable O is the meson mass M, extracted from non-perturbative simulations of two point correlators, and the energy scales E h and E ℓ are the heavy and the light quark masses (m h ,m ℓ ). The light quark mass is extrapolated to values corresponding to the physical u and s masses, while the heavy quark mass is determined by comparing the meson mass to the experimental spectrum. The heavy-heavy mesons case should not present major finite size effects, being characterized by a single heavy scale. However, as we will see, the application of the SSM method allows to solve the problem of the fast decay of the meson correlation functions.
Renormalization
The step scaling function is calculated within the SF [13, 14] , which has already been applied to a number of different finite size problems [15, 16, 17, 18, 7] . In particular, we use a topology T × L 3 with periodic boundary conditions on the space directions, Dirichlet boundary conditions along time and the following set of parameters
Here C and C ′ represent the boundary gauge fields and θ is a topological phase which affects the periodicity of the fermion boundary conditions. Lattice discretization is performed using non-perturbative O(a) improved clover action [19] and operators. In order to set the notation, let
be the axial current, the axial density, the local vector current and the tensor bilinear operator respectively (i and j are flavor indices). The improvement of the axial and vector currents is obtained through the relations
where∂ µ = (∂ µ + ∂ * µ )/2 and ∂ µ , ∂ * µ are the usual forward and backward lattice derivatives respectively. For what concerns the improvement coefficients, in the case of c A we use the non-perturbative results of [19] while, in the case of c V , we use the non-perturbative data only at the values of the bare couplings where they exist [20] and perturbative results otherwise [21] . The correlation functions used to compute pseudoscalar and vector meson masses are defined by probing the previous operators with appropriate boundary quark sources
where ζ i (y) and ζ i (y) can be considered as quark and anti-quark boundary states.
The so-called bare current quark masses are defined through the lattice version of the PCAC relation
These masses are connected to the renormalization group invariant (RGI) quark masses, according to the definitions given in [22] , through a renormal-ization factor which has been computed non-perturbatively in [16] :
where am i is defined as
The combination b A − b P of the improvement coefficients of the axial current and pseudoscalar density has been non-perturbatively computed in [23, 24] . The factor Z M (g 0 ) is known with very high precision in a range of inverse bare couplings that does not cover all the values of β used in our simulations. We have used the results reported in table (6) of ref. [16] to parametrize Z M (g 0 ) in the enlarged range of β values (5.9, 7.6).
The RGI mass of a given quark is obtained from eq. (10) using the diagonal correlations All these definitions must have the same continuum limit because the dependence upon the j-flavor is only a lattice artifact. Further, for each definition we use in eq. (9) either standard lattice time derivatives as well as improved ones [23, 24] .
Another non-perturbative O(a) improved definition of the RGI quark masses can be obtained starting from the bare quark masŝ
where the improvement coefficient b m and the renormalization constant
have been non-perturbatively computed in ref. [23, 24] .
Equations (12), (13) and (14) give us different possibilities to identify the valence quarks inside a given meson (fixed by the values of the bare quark masses). The procedure is well defined on small volumes because the RGI quark mass is a physical quantity that does not depend upon the scale, given (12), (13) and (14), and leads to values of the corresponding meson mass differing by O(a 2 ) lattice artifacts. We take advantage of this plethora of definitions by constraining in a single fit the continuum extrapolations (see The meson masses are extracted from the so-called effective mass
where f X is one of the correlations defined in (8) . On a physical volume, this quantity exhibits a plateau in the time region where the ground state dominates the correlation and no boundary effects are present. On a small volume the effective mass is affected by two different finite volume effects: the first one is due to the compression of the low energy wavelength (if present) and the second one comes from the presence of the excited states contribution to the correlation (no plateau). A good definition of the meson mass that suits the step scaling method is obtained by choosing the value of the effective mass at x 0 = T /2. In this case T = 2L and the step scaling technique (see eq. (4)) connects x 0 = L min , where the meson mass has been defined on the smallest volume, with x 0 = L max , where one expects to be free from both sources of finite volume effects.
The finite volume effects due to the excited states can be easily understood by means of a two mass model for the correlation
Here A(L) and B(L) are coefficients, M(L) is the meson mass and δM(L) is the mass shift. All these quantities depend upon the physical extension of the volume L but, in order to isolate the effects due to the excited states, we consider M and δM constants. In this simplified model the effective mass of eq. (16) takes the form
As in numerical simulations, we take x 0 = L. The functional dependence upon the volume of the ratio B(L)/A(L) can be inferred from the data on the meson decay constants given in [8, 9] . A parametrization that fits well the data is given by
In Fig. [1] are shown the plots of the effective mass step scaling function, as derived from this model, defined by
as functions of the volume and at different values of the meson masses. At the volume L = 0.4 fm the step scaling functions are smaller than one while, the pattern is reversed at L = 0.8 fm. Independently from the volume, the heavier mesons are closer to unity than the lighter ones. The qualitative predictions of this simple model well reproduces the behavior of the numerically measured step scaling functions, shown in Fig. [3] for L = 0.4 fm and in Fig. [6] for L = 0.8 fm.
4
Step scaling functions and HQET
In this section we enter into the details of the application of the SSM, illustrated in sec. 2, to the particular case of the heavy-light meson masses computation. We introduce the step scaling functions
for the pseudoscalar and vector meson masses respectively. To validate the expansion of eq. (3), we can make use of the HQET predictions on the heavy-light meson masses. In the infinite volume the pseudoscalar and vector meson masses have the following expansion in terms of the heavy-quark mass:
where X ∈ {P, V }. Assuming the contribution of the 1/m 2 h corrections to be negligible, at finite volume one has
whereΛ X (m l , L) depends upon the spin of the meson state because of the contamination of the excited states to the finite volume correlations. Using eqs. (21) and (23) we obtain the HQET predictions for the step scaling functions of the heavy-light meson masses
This result requires some considerations. First we want to stress that in the infinite heavy-quark mass limit the step scaling functions have to be exactly equal to one, Σ X (L, m l , m h → ∞) = 1 1 . This represents a strong constraint for the fits of the heavy-quark mass dependence of the step scaling functions.
The second observation concerns the number of terms to be considered in eq. (24) . At order O(1/m h ) one has
corresponding to the static approximation in eq. (23) . By increasing the physical volume L, the difference betweenΛ X (m l , 2L) andΛ X (m l , L) decreases because the two quantity have to be equal in the infinite volume limit, making the heavy-quark mass expansion of the finite volume effects rapidly convergent. The same arguments apply to the coefficient Σ
X (m l , L) that has to be considered when in the expansion of the meson masses, eq. (23), the order O(1/m h ) is taken into account. In our calculation we will perform the fits of the step scaling functions consid-
X , beyond the so called static evolution (SE) that retains Σ (0) X only. We will also report for comparison the fits for the SE that are anyway compatible. Similar arguments could be repeated for the heavy-heavy step scaling functions using NRQCD. In this case one cannot predict the value of the step scaling functions at m h → ∞. With the three simulated values of the heavy quark masses we extrapolate our numerical data with a simplified NLO formula, i.e. a linear dependence upon the heavy-quark mass, given the little sensitivity to possible slowly varying logarithmic terms.
Numerical results
This section contains the simulation parameters and the numerical results for each step of the calculation. (12), (13) and (14) . Units are in GeV. Similar plots can be obtained, from the data reported in Table [ 6, 7, 8] , for the other combinations of quark masses used in our simulations, also in the case of M V (L 0 ).
The small volume:
The physical extension of the small volume has been chosen in order to properly account the dynamics of quarks with masses in the region of the the physical b-quark; we have fixed it to be L 0 = 0.4 fm. In order to have a continuum extrapolation of the numerical results, this volume has been simulated using three different discretization, 32 × 16 3 , 48 × 24 3 and 64 × 32 3 . Using the results reported in [25] we have fixed two heavy quark masses with values interpolating the b-quark mass. In the renormalization group invariant (RGI) scheme fixed by the conventions reported in [22, 16] , these masses are 7.10 GeV and 6.60 GeV respectively. Two other heavy quarks have been simulated in order to interpolate the mass region where, using the results reported in [26, 25] , one expects to find the physical c-quark, i.e. 1.70 GeV and 1.60 GeV respectively. The charm quark mass is affordable also by a direct computation: here the calculation via our step scaling method represents a check of the procedure. An additional heavy quark has been simulated with mass 4.00 GeV. Three light quark have been simulated with masses of 0.14 GeV, 0.10 GeV and 0.06 GeV. Using the accurate determination of the RGI strange quark mass given in [27] we have fixed one of the simulated light quarks to be the physical s. All the parameters of the three different simulations are summarized in Table [1] . The numerical results of the pseudoscalar and vector meson masses, M P and M V , are shown in Table [ 6, 7, 8] both for the heavy-heavy and for the heavy-light quark anti-quark pairs.
In order to obtain physical predictions from the simulated data on this finite volume we need to extrapolate our numerical results to the continuum. As already mentioned, we have obtained different set of data by using the different definitions of the RGI quark masses given in the equations (12), (13) and (14) . The continuum results are thus obtained trough a combined fit of all the set of data, linear in (a/r 0 ) 2 , as shown in Fig. [2] in the case of the mass of the pseudoscalar heavy-heavy meson corresponding to the heavy quark of mass m RGI = 7.10 GeV. We obtain a global χ 2 /dof = 5.40 to be compared with the χ 2 s of each individual definition listed in the figure. We also show the points at the largest lattice spacing not included in the fit. The errors included in the evaluation of the χ 2 are statistical only. These are calculated by a jackknife procedure, also in the case of the step scaling functions. The systematics due to the uncertainty on the lattice spacing has been estimated by repeating the fit using the different values of the scale allowed by the uncertainties quoted in [10, 11, 12] and considering the spread of the results. The same procedure has been used for the systematics due to the uncertainties on the renormalization constants. The resulting 2% percent for the renormalization constants and 1% percent for the scale are summed in quadrature and added to the statistical errors.
The first evolution step:
The finite volume effects on the quantities calculated at L 0 , are measured doubling the volume, L 1 = 0.8 fm, by using the step scaling functions of eqs. (21) . In order to have results in the continuum, also in the case of the step scaling functions three different discretizations of L 0 have been used, i.e 16 × 8 3 , 24 × 12 3 and 32 × 16 3 . The volume L 1 has been simulated starting from the discretizations of L 0 , fixing the value of the bare coupling and doubling the number of lattice points in each direction. The simulated quark masses have been halved with respect to the masses simulated on the small volume in order to have the same order of discretization effects proportional to am. The set of parameters for the simulations of this evolution step is reported in Table [ 2] and the numerical results are given in The step scaling functions of the pseudoscalar mesons at β = 6.963 are plotted, at fixed m in Fig. [3] . The value of the step scaling functions for the s quark are obtained trough linear interpolation.
Both Σ P and Σ V are almost flat in a region of heavy quark masses starting around the charm mass. The hypothesis of low sensitivity upon the highenergy scale is thus verified. In Fig. [4] are reported the results of the continuum extrapolation of the step scaling function, Σ P (L 0 ), of the pseudoscalar meson corresponding the heavy (12) and (14) . Units are in GeV. Similar plots can be obtained, from the data reported in Table [9, 10, 11] , for the other combinations of quark masses used in our simulations, also in the case of Σ V (L 0 ). The residual heavy mass dependence of the continuum extrapolated step scaling functions is very mild, as shown in Fig. [5] in the plot of σ P as a function of the inverse quark mass. In the heavy-light case, as already discussed in sec. 4, we extract the values of the step scaling functions at the values of the heavy-quark masses simulated on the small volume by interpolation between the numerical results and the theoretical point at m RGI h → ∞ using both a linear fit (SE) and a quadratic fit (RE). In the heavy-heavy case the results are linearly extrapolated.
The second evolution step:
In order to have the results on a physical volume, L 2 = 1.6 fm, a second evolution step it is required. This is done computing the meson mass step . Similar graphs can be obtained using the data of Table [ 12, 13, 14] for the other values of the bare coupling and for the vector mesons step scaling functions Σ V . (12) and (14) . Units are in GeV. Similar plots can be obtained, from the data reported in Table [ 12, 13, 14] , for the other combinations of quark masses used in our simulations, also in the case of Σ V (L 1 ). Table 3 Simulation parameters for the first evolution step L 1 → L 2 = 1.6 fm. The RGI quark masses are obtained using eq. (12).
scaling functions of eq. (21) at L = L 1 , by the procedure outlined in the previous section. The parameters of the simulations are given in Table [ 3] and the results are in Table [ 12, 13, 14] .
Also in this case, the values of the simulated quark masses have been halved with respect to the previous step, owing to the lower values of the simulation cutoffs. In Fig. [6] we show the pseudoscalar step scaling functions at β = 6.420 and in Fig. [8] the residual heavy-quark mass dependence with the SE and RE fits. Fig. [7] shows the continuum extrapolation of the step scaling function, Σ P (L 1 ), of the pseudoscalar meson corresponding to the heavy quark of mass m RGI 1 = 2.00 GeV.
The contributions of the excited states, predicted from the simple model of eq. (20) and present in our numerical data, should disappear in a third evolution step. A check supporting this hypothesis is that on the larger volumes used in the simulation of this evolution step, i.e. L 2 at β = 6.420 and β = 6.211, the values of the meson masses defined at x 0 = T /2 coincide, within the errors, with the values coming from a single mass fit to the correlations. (7) 3.21 (7) 1.70hs 1.97 (5) 2.09(5) hu 1.88 (6) 2.00 (6) hh 3.01 (7) 3.07 (7) 1.60hs 1.90 (5) 2.01 (5) hu 1.80 (5) 1.93(6) Table 4 Meson masses in the infinite volume limit. Units are in GeV. 
Physical results
In this section we combine the results of the small volume with the results of the step scaling functions to obtain, according to eq. (4), the physical numbers. In Table [ 4] we give the pseudoscalar and vector meson masses corresponding to the heavy quarks simulated on the small volume and, in the heavy-light case, to strange and up light quarks. The results corresponding to the up quark have been obtained by extrapolating the continuum data in the large volume from masses around the strange region. In Figure [9] we show the extrapolation for the pseudoscalar meson corresponding to m RGI h = 7.1 GeV. Having simulated three light quark on the largest volume we have fitted the results linearly without trying complicated functional forms requiring more than two parameters. Comparing these results with the experimental determinations of the same quantities [25] we obtain different determinations of the b-quark mass, depending upon the physical state used as experimental input. The results are summarized in Table [ Table 5 Determinations of the heavy quark masses from the heavy-heavy and from the heavylight states. The errors include our estimate of the systematics. Units are in GeV.
Within the quenched approximation, the determinations of the quark masses coming from the heavy-heavy or from the heavy-light spectrum in principle differ because the theory does not account for the fermion loops. We obtain two determinations that are marginally compatible within the errors and that might suggest the need for a tiny unquenching effect. The good agreement between the determinations of the quark masses coming from the heavy-up and heavy-strange sets of data make us confident on our chiral extrapolations. Of course the heavy-strange and the heavy-heavy case are not extrapolated at all and we therefore use these results only to determine the heavy-quark masses. The numbers we quote as final results are obtained by averaging the four results in the first two rows of the two sets of Table [ (28) GeV (27) for the charm. The latter results compare favorably with the results of the direct computations [26, 25] .
As already explained in section 5.1, our error estimate includes both the statistical error from the Monte Carlo simulation as well as the systematic error coming from the uncertainty on the lattice spacing corresponding at a given β value and to the uncertainty on the renormalization constants in eqs (10) and (14) . The final errors on the continuum quantities, of the order of 2% percent for the renormalization constants and of about 1% percent for the scale, are summed in quadrature and added to the statistical errors. The evolution to the M S scheme has been done using four-loop renormalization group equations [28, 29, 30] .
Using these determinations of the quark masses we can calculate the mass of the B c meson from our set of correlations suitably interpolated. Following this procedure we obtain a determination that is in very good agreement with the experimental measurement of the meson mass [25] :
The same analysis has been done also in the case of the decay constants and in [9] we give the first determination of f Bc from lattice QCD in the quenched approximation.
Conclusions
We have shown the effectiveness of the step scaling method in the computation of the heavy-light and heavy-heavy meson spectrum. We have performed the calculations for the pseudoscalar and vector mesons in the continuum limit of lattice QCD in the quenched approximation and, by comparison with the experimental determinations, we have extracted the masses of the bottom and of the charm quarks. Our results represent the first determination of the bottom quark mass in the continuum limit of quenched lattice QCD.
Using the results on the quark masses we give an independent theoretical calculation of the B c meson mass that matches very well the experimental result. Table 7 Values of the pseudoscalar, M P , and vector, M V , meson masses resulting from the simulations on the smallest volume L 0 = 0.4 fm at β = 7.300. Units are in GeV. Table 9 Values of the step scaling functions for the pseudoscalar, Σ P , and vector, Σ V , meson masses resulting from the simulation at β = 6.420 of the first evolution step L 0 → L 1 . Units are in GeV. 
Table 10
Values of the step scaling functions for the pseudoscalar, Σ P , and vector, Σ V , meson masses resulting from the simulation at β = 6.737 of the first evolution step L 0 → L 1 . Units are in GeV. 
Table 11
Values of the step scaling functions for the pseudoscalar, Σ P , and vector, Σ V , meson masses resulting from the simulation at β = 6.963 of the first evolution step L 0 → L 1 . Units are in GeV. Table 12 Values of the step scaling functions for the pseudoscalar, Σ P , and vector, Σ V , meson masses resulting from the simulation at β = 5.960 of the second evolution step L 1 → L 2 . Units are in GeV. Table 13 Values of the step scaling functions for the pseudoscalar, Σ P , and vector, Σ V , meson masses resulting from the simulation at β = 6.211 of the second evolution step L 1 → L 2 . Units are in GeV.
